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Abstract
We study non-linear functionals, including quasi-linear functionals, p-conic quasi-linear
functionals, d-functionals, r-functionals, and their relationships to deficient topological
measures and topological measures on locally compact spaces. We prove representation
theorems and show, in particular, that there is an order-preserving, conic-linear bijection
between the class of finite deficient topological measures and the class of bounded p-conic
quasi-linear functionals. Our results imply known representation theorems for finite topo-
logical measures and deficient topological measures. When the space is compact we obtain
four equivalent definitions of a quasi-linear functional and four equivalent definitions of
functionals corresponding to deficient topological measures.
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1 Introduction
This paper is devoted to the study of various non-linear functionals and their relationships
to deficient topological measures and topological measures on locally compact spaces. J. F.
Aarnes first discovered quasi-linear functionals and the corresponding set functions, topo-
logical measures, (initially called quasi-measures) in [1]. Since then many works devoted to
these objects have appeared. For their use in symplectic topology one may consult numerous
papers beginning with [11] and a monograph ([12]).
We prove representation theorems for deficient topological measures on locally compact
spaces. Our results imply known results, including the representation theorem for quasi-linear
functionals on compact spaces ([1]), the representation theorem for deficient topological mea-
sures on compact spaces ([15]), and the representation theorems for quasi-linear functionals
on locally compact spaces ([13],[5]). We also obtain new consequences where X is compact,
including four equivalent definitions of a quasi-linear functional and four equivalent definitions
of functionals corresponding to deficient topological measures.
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Deficient topological measures were first defined and used by A. Rustad and ∅. Johansen
in [10]. They were later independently rediscovered by M. Svistula ([14], [15]). In these
works, deficient topological measures were defined as real-valued functions on a compact
space. In this paper we use deficient topological measures on locally compact spaces as
functions into extended real numbers. Quasi-linear functionals have been generalized to other
non-linear functionals in order to represent deficient topological measures on compact spaces.
See [10, section 6]; see also [15], where such functionals are called r- and l-functionals. To
represent deficient topological measures on locally compact spaces we will need the above
mentioned non-linear functionals and some others. This paper is influenced by many works,
including [1], [10], [15], [13], [8], and [5].
The paper is organized as follows. Section 2 contains necessary definitions and background
facts. In Section 3 we consider cones generated by a function, as well as p-conic and n-
conic quasi-linear functionals. In Section 4 we consider various related non-linear functionals,
including d-, r-, l-, and s-functionals. In Section 5 we show how to obtain deficient topological
measures from d-functionals. In Section 6, given a finite deficient topological measure and a
bounded continuous function, we define left and right measures. We give a criterion for left
and right measures to coincide. Left and right measures coincide if one starts from a finite
topological measure; we also give examples which show that left and right measures may or
may not coincide even for {0, 1}-valued deficient topological measures. In section 7 using right
and left measures we obtain by integration p-conic and l-conic quasi-linear functionals, which
are also r- and l-functionals. Section 8 is devoted to representation theorems for finite deficient
topological measures in terms of bounded p-conic and l-conic quasi-linear functionals, and
also r- and l-functionals. In particular, we show that there is an order-preserving, conic-linear
bijection between the class of finite deficient topological measures and the class of bounded
p-conic quasi-linear functionals. When X is compact, we obtain four equivalent definitions
of quasi-linear functionals and four equivalent definitions of functionals corresponding to
deficient topological measures.
2 Preliminaries
In this paper X is a locally compact, connected space.
By C(X) we denote the set of all real-valued continuous functions on X with the uniform
norm, by Cb(X) the set of bounded continuous functions on X, by C0(X) the set of continuous
functions on X vanishing at infinity, and by Cc(X) the set of continuous functions with
compact support. By C+0 (X) we denote the collection of all nonnegative functions vanishing
at infinity; similarly, C−0 (X) is the collection of all nonpositive functions from C0(X).
When we consider maps into [−∞,∞] we assume that any such map attains at most one
of∞,−∞, and is not identically ∞ or −∞. By D(ρ) we denote the domain of a functional ρ.
For example, we may take D(ρ) = C+0 (X) or Cc(X). If D(ρ) = C(X), where X is compact,
then D(ρ) contains constants.
We denote by E the closure of a set E, and by
⊔
a union of disjoint sets. We denote
by 1 the constant function 1(x) = 1, by id the identity function id(x) = x, and by 1K the
characteristic function of a set K. By supp f we mean {x : f(x) 6= 0}.
Several collections of sets are used often. They include: O(X), the collection of open
subsets of X; C (X) the collection of closed subsets of X; K (X) the collection of compact
subsets of X.
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Definition 2.1. Let X be a topological space and µ be a nonnegative set function on E, a
family of subsets of X that contains O(X) ∪ C (X). We say that
• µ is inner regular (or inner compact regular) if µ(U) = sup{µ(C) : C ⊆ U, C ∈
K (X)} for each open set U .
• µ is outer regular if µ(F ) = inf{µ(U) : F ⊆ U, U ∈ O(X)} for each closed set F .
• ‖ µ ‖= µ(X) and µ is finite if µ(X) <∞.
• µ is compact-finite if µ(K) <∞ for any K ∈ K (X).
• µ is monotone if A ⊆ B implies µ(A) ≤ µ(B).
• µ is τ -smooth on compact sets if for every decreasing net Kα ց K,Kα,K ∈ K (X) we
have µ(Kα)→ µ(K).
• µ is τ -smooth on open sets if for every increasing net Uα ր U,Uα, U ∈ O(X) we have
µ(Uα)→ µ(U).
• µ is simple if it only assumes values 0 and 1.
Definition 2.2. A deficient topological measure on a locally compact space X is a set function
ν : C (X)∪O(X) −→ [0,∞] which is finitely additive on compact sets, inner compact regular,
and outer regular, i.e. :
(DTM1) if C ∩K = Ø, C,K ∈ K (X) then ν(C ⊔K) = ν(C) + ν(K);
(DTM2) ν(U) = sup{ν(C) : C ⊆ U, C ∈ K (X)} for U ∈ O(X);
(DTM3) ν(F ) = inf{ν(U) : F ⊆ U, U ∈ O(X)} for F ∈ C (X).
For a closed set F , ν(F ) =∞ iff ν(U) =∞ for every open set U containing F .
Remark 2.3. Note that a deficient topological measure ν is monotone on O(X)∪C (X) and
ν(Ø) = 0. If ν and µ are deficient topological measures that agree on K (X) then ν = µ, and
if ν ≤ µ on K (X) (or on O(X)) then ν ≤ µ.
Definition 2.4. A topological measure on X is a set function µ : C (X) ∪ O(X) → [0,∞]
satisfying the following conditions:
(TM1) if A,B,A ⊔B ∈ K (X) ∪ O(X) then µ(A ⊔B) = µ(A) + µ(B);
(TM2) µ(U) = sup{µ(K) : K ∈ K (X), K ⊆ U} for U ∈ O(X);
(TM3) µ(F ) = inf{µ(U) : U ∈ O(X), F ⊆ U} for F ∈ C (X).
We denote by TM(X) the collection of all topological measures on X, by DTM(X)
the collection of all deficient topological measures on X, and by M(X) the collection of all
Borel measures on X that are inner regular on open sets and outer regular (restricted to
O(X) ∪ C (X)).
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Remark 2.5. Let X be locally compact. In general,
M(X) $ TM(X) $ DTM(X).
When X is compact, there are examples of topological measures that are not measures and
of deficient topological measures that are not topological measures in numerous papers, be-
ginning with [1], [10], and [14]. When X is locally compact, see [2], [4, Sections 5 and 6],
and [3, Section 9] for more information on proper inclusion, criteria for a deficient topological
measure to belong to M(X) or TM(X) (in particular, to be a Radon measure or a regular
Borel measure), as well as various examples.
The proof of the next result is in [4, Section 4].
Theorem 2.6. (I) Let X be compact, and ν a deficient topological measure. The following
are equivalent:
(a) ν is a topological measure.
(b) ν(X) = ν(C) + ν(X \ C), C ∈ C (X).
(c) ν(X) ≤ ν(C) + ν(X \ C), C ∈ C (X).
(II) Let X be locally compact, and ν a deficient topological measure. The following are
equivalent:
(a) ν is a topological measure.
(b) ν(U) = ν(C) + ν(U \ C), C ∈ K (X), U ∈ O(X).
(c) ν(U) ≤ ν(C) + ν(U \ C), C ∈ K (X), U ∈ O(X).
Recall the following fact (see, for example, [6, Chapter XI, 6.2]):
Lemma 2.7. Let K ⊆ U, K ∈ K (X), U ∈ O(X) in a locally compact space X. Then there
exists a set V ∈ O(X) with compact closure such that
K ⊆ V ⊆ V ⊆ U.
The following is proved in [4, Section 3].
Lemma 2.8. Let X be a locally compact space.
(a) A deficient topological measure is τ -smooth on compact sets and τ -smooth on open sets.
In particular, a topological measures is additive on open sets.
(b) A deficient topological measure µ is superadditive, i.e. if
⊔
t∈T At ⊆ A, where At, A ∈
O(X)∪C (X), and at most one of the closed sets (if there are any) is not compact, then
µ(A) ≥
∑
t∈T µ(At).
We recall the following theorem:
Theorem 2.9 (Integration by parts for Lebesque-Stieltjes integrals). Let F and G be real-
valued nondecreasing functions on R with corresponding Lebesque-Stieltjes measures mF , mG.
Then for a < b we have:∫ b
a
G(x+)dmF (x) +
∫ b
a
F (x−)dmG(x) = F (b
+)G(b+)− F (a−)G(a−).
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Definition 2.10. Let ρ be a functional on C(X). We say
• ρ is homogeneous if ρ(af) = aρ(f) for any a ∈ R.
• ρ is positive-homogeneous if ρ(af) = aρ(f) for any a ≥ 0.
• ρ is conic-linear on a cone S if it is linear on conic combinations of elements of S, i.e.
ρ(af + bg) = aρ(f) + bρ(g) for any a, b ≥ 0 and any f, g ∈ S.
• ρ is positive if f ≥ 0 =⇒ ρ(f) ≥ 0.
• ρ is monotone if g ≤ f =⇒ ρ(g) ≤ ρ(f).
• ρ is orthogonally additive if f · g = 0 =⇒ ρ(f + g) = ρ(f) + ρ(g).
• ρ is real-valued if ρ(f) ∈ R for any f .
• ‖ ρ ‖= sup{|ρ(f)| : ‖ f ‖≤ 1} and ρ is bounded if ‖ ρ ‖<∞.
The remaining definitions and facts related to quasi-linear functionals can be found in [5,
Section 2]:
Definition 2.11. Let X be locally compact.
(a) Let f ∈ Cb(X). Define A(f) to be the smallest closed subalgebra of Cb(X) containing
f and 1. Hence, when X is compact, we take f ∈ C(X) and define A(f) to be the
smallest closed subalgebra of C(X) containing f and 1. We call A(f) the singly generated
subalgebra of C(X) generated by f .
(b) Let B be a sublagebra of Cb(X). Define B(f) to be the smallest closed subalgebra of B
containing f . We call B(f) the singly generated subalgebra of B generated by f .
We may take, for example, Cc(X), C0(X) as B.
Remark 2.12. When X is compact, A(f) for f ∈ C(X) contains all polynomials of f . It is
not hard to show that A(f) has the form:
A(f) = {φ ◦ f : φ ∈ C(f(X))}.
When X is locally compact, B = C0(X) and f ∈ C0(X) (or B = Cc(X) and f ∈ Cc(X)) the
singly generated subalgebra has the form:
B(f) = {φ ◦ f : φ(0) = 0, φ ∈ C(f(X))}.
Definition 2.13. Let X be locally compact, and let B be a subalgebra of C(X) containing
Cc(X). A real-valued map ρ on B is a signed quasi-linear functional on B if
(QI1) ρ(af) = aρ(f) for a ∈ R;
(QI2) for each h ∈ B we have: ρ(f+g) = ρ(f)+ρ(g) for f, g in the singly generated subalgebra
B(h) generated by h.
We say that ρ is a quasi-linear functional (or a positive quasi-linear functional) if, in
addition,
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(QI3) f ≥ 0 =⇒ ρ(f) ≥ 0.
When X is compact, we call ρ a quasi-state if ρ(1) = 1.
Definition 2.14. We say that a signed quasi-linear functional ρ is compact-finite if |ρ(f)| <
∞ for f ∈ Cc(X).
3 Cones generated by functions
When X is a compact or locally compact, non-compact space, there is a correspondence
between topological measures and quasi-linear functionals. (See [1], [13], [5]). When X
is compact, there is also a correspondence between deficient topological measures and r-
or l-functionals, see [15] and [10]. When X is locally compact, we shall consider relations
between deficient topological measures and various non-linear functionals. We shall start
with functionals that are conic-linear on cones generated by functions.
Definition 3.1. Let X be compact, f ∈ C(X). Define cones:
A+(f) = {φ ◦ f : φ is non-decreasing },
A−(f) = {φ ◦ f : φ is non-increasing }.
If X is a locally compact, non-compact space, f ∈ C0(X) let
A+(f) = {φ ◦ f : φ is non-decreasing, φ(0) = 0},
A−(f) = {φ ◦ f : φ is non-increasing, φ(0) = 0}.
Remark 3.2. Since f = id◦f , for f 6= 0 (f 6= const if X is compact) we have f ∈ A+(f), f /∈
A−(f), and −f ∈ A−(f),−f /∈ A+(f). Note that 0 ∈ A+(f), A−(f). Also, f+ ∈ A+(f), f− ∈
A−(f), since f+ = (id ∨ 0) ◦ f, f− = ((−id) ∨ 0) ◦ f . Obviously, A+(f), A−(f) ⊆ B(f)
(respectively, A+(f), A−(f) ⊆ A(f) if X is compact).
Definition 3.3. We call a functional ρ on C0(X) with values in [−∞,∞] (assuming at most
one of ∞,−∞) and |ρ(0)| <∞ a p-conic quasi-linear functional if it is orthogonally additive
and monotone on nonnegative functions and conic-linear on A+(f) for each f ∈ C0(X), i.e.
(p1) If f g = 0, f, g ≥ 0 then ρ(f + g) = ρ(f) + ρ(g).
(p2) If 0 ≤ g ≤ f then ρ(g) ≤ ρ(f).
(p3) For each f , if g, h ∈ A+(f), a, b ≥ 0 then ρ(ag + bh) = aρ(g) + bρ(h).
Similarly, a functional ρ on C0(X) with values in [−∞,∞] (assuming at most one of
∞,−∞) and |ρ(0)| < ∞ is called an n-conic quasi-linear functional if it is orthogonally
additive and monotone on non-positive functions and conic-linear on A−(f) for each f ∈
C0(X). In other words,
(n1) If f g = 0, f, g ≤ 0 then ρ(f + g) = ρ(f) + ρ(g).
(n2) If f ≤ g ≤ 0 then ρ(f) ≤ ρ(g).
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(n3) For each f , if g, h ∈ A−(f), a, b ≥ 0 then ρ(ag + bh) = aρ(g) + bρ(h).
Remark 3.4. From [5, Lemma 20(iii), Section 3 and Lemma 44, Section 4] it follows that a
positive quasi-linear functional is a p-conic quasi-linear functional and also an n-conic quasi-
linear functional.
Remark 3.5. Given a functional ρ, consider also the functional π defined by π(f) = −ρ(−f)
for every f ∈ D(ρ). Then π is an n-conic quasi-linear functional iff ρ is a p-conic quasi-linear
functional. This allows us to transfer results for p-conic quasi-linear functionals to n-conic
quasi-linear functionals and vice versa.
Lemma 3.6. Let ρ be a functional on a locally compact space with |ρ(0)| <∞.
(I) Suppose a functional ρ is conic-linear on A+(f) or on A−(f) for some f . Then ρ(0) = 0.
(II) Suppose a functional ρ is conic-linear on A+(h) for each function h ∈ C0(X). Then
fg = 0, f ≥ 0, g ≤ 0 implies ρ(f + g) = ρ(f) + ρ(g).
(III) Suppose 0 ≤ g(x) ≤ f(x) ≤ c, f = c on {x : g(x) > 0}. Then f, g ∈ A+(f + g). In
particular, if ρ is a p-conic quasi-linear functional then ρ(af + bg) = aρ(f) + bρ(g) for
any a, b ≥ 0. If ρ is a quasi-linear functional, then ρ(af + bg) = aρ(f) + bρ(g) for any
a, b ∈ R.
(IV) Suppose g ≥ 0, 0 ≤ h ≤ 1, and h = 1 on {x : g(x) > 0}. If ρ is a p-conic quasi-linear
functional then ρ(ag + bh) = aρ(g) + bρ(h) for any a, b ≥ 0. If ρ is a quasi-linear
functional, then ρ(ag + bh) = aρ(g) + bρ(h) for any a, b ∈ R.
(V) Suppose ρ is a p-conic quasi-linear functional, f, g ∈ Cc(X), f, g ≥ 0. Then |ρ(f) −
ρ(g)| ≤‖ ρ ‖‖ f − g ‖.
If X is compact we also have:
(i) If f ∈ C(X), and a functional ρ is conic-linear on A+(f) (or on A−(f)), then ρ(f+c) =
ρ(f) + ρ(c).
(ii) If ρ is conic-linear on A+(h) for each function h ∈ C(X) (respectively, conic-linear on
A−(h) for each function h ∈ C(X)) and ρ(1) ∈ R, then ρ is monotone.
Proof. (I) Since 0 ∈ A+(f), ρ is conic-linear on A+(f), and |ρ(0)| < ∞ we have ρ(0) = 0.
A similar argument works for A−(f).
(II) Suppose fg = 0, f ≥ 0, g ≤ 0. Taking h = f + g, observe that f = (id ∨ 0) ◦ h, g =
(id ∧ 0) ◦ h, so f, g ∈ A+(h). Then ρ(f + g) = ρ(f) + ρ(g).
(III) Note that c ≥ 0 and f = (id ∧ c) ◦ (f + g), g = (0 ∨ (id− c)) ◦ (f + g).
(IV) We may assume that g 6= 0. Since 0 ≤ g ≤‖ g ‖ h ≤‖ g ‖, by part (III)
ρ(ag + bh) = ρ(ag +
b
‖ g ‖
‖ g ‖ h) = aρ(g) +
b
‖ g ‖
ρ(‖ g ‖ h) = aρ(g) + bρ(h).
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(V) Suppose f, g ∈ Cc(X), f, g ≥ 0. Choose h ∈ Cc(X) such that h ≥ 0, h = 1 on supp f ∪
supp g. Since f − g ≤‖ f − g ‖ h, i.e. f ≤ g+ ‖ f − g ‖ h, using Definition 3.3 and part
(IV) we have:
ρ(f) ≤ ρ(g+ ‖ f − g ‖ h) = ρ(g)+ ‖ f − g ‖ ρ(h).
Similarly, ρ(g) ≤ ρ(f)+ ‖ f − g ‖ ρ(h), so
|ρ(f)− ρ(g)| ≤‖ f − g ‖ ρ(h) ≤‖ f − g ‖ ‖ ρ ‖ . (3.1)
(i) Since every constant c ∈ A+(f) (and also c ∈ A−(f)) we immediately see that ρ(f+c) =
ρ(f) + ρ(c).
(ii) Note that ρ(c) ∈ R for any constant c ≥ 0. Let g ≤ f . Choose a constant c > 0 such
that 0 ≤ g + c ≤ f + c. We have:
ρ(g) + ρ(c) = ρ(g + c) ≤ ρ(f + c) = ρ(f) + ρ(c),
so ρ(g) ≤ ρ(f).
Proposition 3.7. Suppose X is locally compact and ρ is a functional on C0(X) that is
positive-homogeneous and monotone on nonnegative functions. If ρ is real-valued, then ‖ρ‖ <
∞.
Proof. The statement can be obtained by adapting the argument from Lemma 2.3 in [13] (see
Proposition 50 in [5]).
4 d-functionals
In this section we shall define several functionals. The domains of these functionals vary, but
the most common are C(X), C0(X), Cc(X), C
+
0 (X). We shall not specify the domains in the
definitions and results that hold for different domains, but shall indicate them later when we
use these functionals on specific collections of functions.
Definition 4.1. A functional ρ with values in [−∞,∞] (assuming at most one of ∞,−∞)
and |ρ(0)| <∞ is called a d-functional if on nonnegative functions it is positive-homogeneous,
monotone, and orthogonally additive, i.e. for f, g ∈ D(ρ)
(d1) f ≥ 0, a > 0 =⇒ ρ(af) = aρ(f),
(d2) 0 ≤ g ≤ f =⇒ ρ(g) ≤ ρ(f),
(d3) f · g = 0, f, g ≥ 0 =⇒ ρ(f + g) = ρ(f) + ρ(g).
Remark 4.2. It is easy to see that ρ(0) = 0, and so ρ is positive.
Definition 4.3. We say that a functional ρ satisfies the c-level condition if
f ≤ c, f = c on supp g =⇒ ρ(f + g) = ρ(f) + ρ(g),
where c is a constant, and f, g ∈ D(ρ).
If the domain of ρ includes constants, we say that ρ satisfies the constant condition if for
any function g ∈ D(ρ) and any constant c
ρ(g + c) = ρ(g) + ρ(c). (4.1)
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Lemma 4.4. Suppose the domain of ρ includes constants.
(i) The c-level condition implies the constant condition.
(ii) Suppose ρ is a d-functional that satisfies the constant condition, ρ(1) ∈ R, and c ≥ 0.
If f ≤ c, f = c on supp g, g ≥ 0, then ρ(g − f) = ρ(g) + ρ(−f).
(iii) Suppose a functional ρ is conic-linear on A+(h) for each function h (for example, ρ is
a p-conic quasi-linear). If f ρ satisfies the constant condition then ρ satisfies the c-level
condition for all g ≥ 0.
Proof. (i) Take f ≡ c.
(ii) Since c− f ≥ 0 and (c− f)g = 0, we have:
ρ(c) + ρ(g − f) = ρ(c+ g − f) = ρ(c− f) + ρ(g) = ρ(c) + ρ(−f) + ρ(g),
so ρ(g − f) = ρ(g) + ρ(−f).
(iii) Suppose ρ satisfies the constant condition (4.1). Let f ≤ c, f = c on supp g, g ≥ 0. Let
h = f − c. Then h ≤ 0 and g h = 0. By part (II) of Lemma 3.6, ρ(h+ g) = ρ(h) + ρ(g).
Then
ρ(f + g) = ρ(h+ c+ g) = ρ(h+ g) + ρ(c)
= ρ(h) + ρ(g) + ρ(c) = ρ(h+ c) + ρ(g) = ρ(f) + ρ(g).
Remark 4.5. If ρ is a monotone, positive-homogeneous functional that satisfies the constant
condition then for any functions f, g ∈ D(ρ)
|ρ(f)− ρ(g)| ≤ ρ(‖ f − g ‖) =‖ f − g ‖ ρ(1).
One can show this by noticing that f ≤ g+ ‖ f − g ‖ and using an argument similar to the
one for part (V) of Lemma 3.6.
We modify condition (d3) in Definition 4.1 and obtain the definition of a c-functional:
Definition 4.6. A functional ρ with values in [−∞,∞] (assuming at most one of ∞,−∞)
and |ρ(0)| <∞ is called a c-functional if for f, g ∈ D(ρ)
(c1) f ≥ 0, a > 0 =⇒ ρ(af) = aρ(f);
(c2) 0 ≤ g ≤ f =⇒ ρ(g) ≤ ρ(f);
(c3) f · g = 0, f, g ≥ 0 or f ≥ 0, g ≤ 0 =⇒ ρ(f + g) = ρ(f) + ρ(g).
Note that for a c-functional ρ, ρ(f) = ρ(f+) + ρ(−f−).
Definition 4.7. A real-valued functional ρ is called an s-functional if
(s1) f ≥ 0, a ∈ R =⇒ ρ(af) = aρ(f);
(s2) 0 ≤ g ≤ f =⇒ ρ(g) ≤ ρ(f);
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(s3) f · g = 0, f, g ≥ 0 or f ≥ 0, g ≤ 0 =⇒ ρ(f + g) = ρ(f) + ρ(g).
Lemma 4.8. Suppose ρ is an s-functional. Then
(i) ρ(f) = ρ(f+)− ρ(f−).
(ii) ρ(af) = aρ(f) for any f and any a ∈ R.
(iii) If g ≤ f then ρ(g) ≤ ρ(f).
(iv) If f · g = 0 then ρ(f + g) = ρ(f) + ρ(g).
Proof. (i) ρ(f) = ρ(f+ − f−) = ρ(f+) + ρ(−f−) = ρ(f+)− ρ(f−).
(ii) Easy to see from part (i).
(iii) If g ≤ f then g+ ≤ f+, f− ≤ g− and ρ(g) = ρ(g+)− ρ(g−) ≤ ρ(f+)− ρ(f−) = ρ(f).
(iv) If f · g = 0 then (f + g)+ = f++ g+, (f + g)− = f−+ g−, and f+ · g+ = 0, f− · g− = 0.
Then
ρ(f + g) = ρ((f + g)+)− ρ((f + g)−) = ρ(f+ + g+)− ρ(f− + g−)
= ρ(f+) + ρ(g+)− ρ(f−)− ρ(g−) = ρ(f) + ρ(g).
Lemma 4.8 shows that Definition 4.7 is equivalent to the following:
Definition 4.9. A functional ρ is called an s-functional if it is homogeneous, monotone, and
orthogonally additive, i.e.
(sa1) ρ(af) = aρ(f) for any a ∈ R;
(sa2) g ≤ f =⇒ ρ(g) ≤ ρ(f);
(sa3) f · g = 0 =⇒ ρ(f + g) = ρ(f) + ρ(g).
Remark 4.10. Let X be locally compact, and let ρ be a quasi-linear functional. By [5,
Lemma 20(q2), Section 3 and Lemma 44, Section 5], ρ is an s-functional.
Definition 4.11. Let QI and L denote, respectively, the families of all quasi-linear and linear
functionals. By Φd,Φc,Φs,Φ+,Φ− we denote, respectively, the families of all d-functionals,
c-functionals, s-functionals, p-conic quasi-linear functionals, and n-conic quasi-linear func-
tionals.
Remark 4.12. We have: L ⊆ QI ⊆ Φs ⊆ Φc ⊆ Φd.
Proposition 4.13. (i) ρ is a s-functional iff it is a real-valued c-functional with a property
that ρ(−g) = −ρ(g) for every g ≤ 0 in the domain of ρ.
(ii) If ρ is a d-functional, D(ρ) contains constants, ρ(1) ∈ R, and the constants condition
(4.1) is satisfied, then ρ is monotone and positive.
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Proof. (i) Suppose ρ is a c-functional with the property that ρ(−g) = −ρ(g) for every g ≤ 0
in the domain of ρ. We have: ρ(f) = ρ(f+)+ ρ(−f−) = ρ(f+)− ρ(f−) for any function
f in the domain of ρ. Then ρ(−f) = −ρ(f) for any function f in the domain of ρ, and
condition (sa1) of Definition 4.7 follows. Thus, ρ is an s-functional.
(ii) Let g ≤ f . It is enough to assume that 0 ≤ g ≤ f , for choosing a positive constant k such
that g+k ≥ 0 we see that ρ(g) ≤ ρ(f) iff ρ(g)+ρ(k) ≤ ρ(f)+ρ(k) iff ρ(g+k) ≤ ρ(f+k).
But ρ is a d-functional, so ρ(g) ≤ ρ(f) for 0 ≤ g ≤ f . Since ρ(0) = 0, monotonicity of
ρ implies positivity.
Now we will introduce the closely related r- and l- functionals.
Definition 4.14. A functional ρ with values in [−∞,∞] (assuming at most one of ∞,−∞)
and |ρ(0)| <∞ is called an r-functional if for f, g ∈ D(ρ)
(r1) a > 0 =⇒ ρ(af) = aρ(f);
(r2) 0 ≤ g ≤ f =⇒ ρ(g) ≤ ρ(f);
(r3) If f · g = 0 where f, g ≥ 0 or f ≥ 0, g ≤ 0 then ρ(f + g) = ρ(f) + ρ(g).
If D(ρ) contains constants then we also require for f ∈ D(ρ) and a constant c
ρ(f + c) = ρ(f) + ρ(c).
Definition 4.15. A functional ρ with values in [−∞,∞] (assuming at most one of ∞,−∞)
and |ρ(0)| <∞ is called an l-functional if
(l1) a > 0 =⇒ ρ(af) = aρ(f);
(l2) g ≤ f ≤ 0 =⇒ ρ(g) ≤ ρ(f);
(l3) If f · g = 0 where f, g ≤ 0 or f ≥ 0, g ≤ 0 then ρ(f + g) = ρ(f) + ρ(g).
If D(ρ) contains constants then we also require for f ∈ D(ρ) and a constant c
ρ(f + c) = ρ(f) + ρ(c).
Definition 4.16. By Φr,Φl we denote, respectively, the families of all r-functionals, and
l-functionals on X.
Remark 4.17. Here are a few easy observations.
(i) Suppose ρ,R are r-functionals with the same domain that contain constants and ρ(1) ∈
R. Then ρ = R iff ρ = R on nonnegative functions. Indeed, for an arbitrary function
f choose a constant c ≥ 0 such that f + c ≥ 0 and see that ρ(f) + ρ(c) = ρ(f + c) =
R(f + c) = R(f) +R(c) = R(f) + ρ(c), i.e. ρ(f) = R(f).
(ii) We have: Φs ⊆ Φr ⊆ Φc ⊆ Φd and from Definition 4.9 Φs ⊆ Φl.
(iii) Given a functional ρ, consider also the functional π defined by π(f) = −ρ(−f) for every
f ∈ D(ρ). Then π is an l-functional iff ρ is an r-functional.
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Lemma 4.18. Each p-conic quasi-linear functional is an r-functional. Each n-conic quasi-
linear functional is an l-functional. So Φ+ ⊆ Φr and Φ− ⊆ Φl.
Proof. Using part (II) and part (i) of Lemma 3.6 we see that a p-conic quasi-linear functional
is an r-functional. The second statement follows from Remark 3.5 and part (iii) of Remark
4.17.
Lemma 4.19. Let X be compact and ρ be a functional on C(X).
(I) If ρ is an r-functional with ρ(1) ∈ R or an l-functional with ρ(−1) ∈ R then ρ is
monotone.
(II) If ρ is an r-functional with ρ(1) ∈ R then |ρ(f)− ρ(g)| ≤‖ ρ ‖ ‖ f − g ‖= ρ(1) ‖ f − g ‖ .
(III) If ρ is an r-functional with ρ(−1) ∈ R then ρ satisfies the c-level condition for any
g ≥ 0.
(IV) If ρ is an r-functional, f · g = 0, f ≥ 0 then ρ(f + g) = ρ(f) + ρ(g). Similarly, if ρ is
an l-functional, f · g = 0, f ≤ 0 then ρ(f + g) = ρ(f) + ρ(g).
Proof. (I) Suppose g ≤ f . Choose a constant c > 0 such that 0 ≤ g + c ≤ f + c. Then
ρ(g)+ρ(c) = ρ(g+c) ≤ ρ(f+c) = ρ(f)+ρ(c), which gives ρ(g) ≤ ρ(f). The monotonicity
of an l-functional can be proved similarly.
(II) Use part (I) and Remark 4.5.
(III) Assume that f ≤ c, f = c on supp g, g ≥ 0. Then (f − c)g = 0, f − c ≤ 0, and
ρ(−c) + ρ(f + g) = ρ(f + g − c) = ρ(f − c) + ρ(g) = ρ(f) + ρ(−c) + ρ(g).
Thus, ρ(f + g) = ρ(f) + ρ(g).
(IV) Let ρ be an r-functional, f · g = 0, f ≥ 0. Then (f + g+)(−g−) = 0, f · g+ = 0, and by
Definition 4.14
ρ(f + g) = ρ(f + g+ − g−) = ρ(f + g+) + ρ(−g−) =
ρ(f) + ρ(g+) + ρ(−g−) = ρ(f) + ρ(g).
The proof for an l-functional is similar.
Remark 4.20. Part (IV) of Lemma 4.19 and part (iii) of Remark 4.17 were first observed
for a compact space in [15, Propositions 17 and 18].
Definition 4.21. Let ρ be a d-functional. Let g ≥ 0. Define ρg(f) = ρ(fg) for f ∈ D(ρ).
Lemma 4.22. If ρ is a d-,c-, r-, l-,s- functional or a linear functional, then so is ρg.
Proof. Easy to check.
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5 Deficient topological measures from d-functionals
Definition 5.1. Let X be locally compact, and let ρ be a d-functional with C+c (X) ⊆ D(ρ) ⊆
Cb(X). Define a set function µρ : O(X) ∪ C (X)→ [0,∞] as follows: for an open set U ⊆ X
let
µρ(U) = sup{ρ(f) : f ∈ Cc(X), 0 ≤ f ≤ 1, supp f ⊆ U},
and for a closed set F ⊆ X let
µρ(F ) = inf{µρ(U) : F ⊆ U,U ∈ O(X)}.
Note that Definition 5.1 is consistent for clopen sets.
Lemma 5.2. For the set function µρ from Definition 5.1 the following holds:
y1. µρ is nonnegative.
y2. µρ is monotone.
y3. Given an open set U , for any compact K ⊆ U
µρ(U) = sup{ρ(g) : 1K ≤ g ≤ 1, g ∈ Cc(X), supp g ⊆ U}.
y4. For any K ∈ K (X)
µρ(K) = inf{ρ(g) : g ∈ Cc(X), g ≥ 1K}.
y5. For any K ∈ K (X)
µρ(K) = inf{ρ(g) : g ∈ Cc(X), 1K ≤ g ≤ 1}.
y6. Given K ∈ K (X), for any open U such that K ⊆ U
µρ(K) = inf{µρ(V ) : V ∈ O(X), K ⊆ V ⊆ V ⊆ U}.
y7. For any U ∈ O(X)
µρ(U) = sup{µρ(K) : K ∈ K (X), K ⊆ U}.
y8. For any disjoint compact sets K and C
µρ(K ⊔ C) = µρ(K) + µρ(C).
y9. Suppose X is compact, ρ(1) ∈ R, and ρ is an s-functional satisfying the constant con-
dition (4.1). If K ⊆ U, K ∈ K (X), U ∈ O(X) then
µρ(U) = µρ(K) + µρ(U \K).
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Proof. For part y1, µρ is nonnegative since ρ is a positive functional by Remark 4.2. Part y2
is easy to see. Proofs for parts y3 - y8 follow proofs of the corresponding parts of [5, Lemma
35, Sect. 4]. We shall show part y9.
Let K ⊆ U, K ∈ K (X), U ∈ O(X). First we shall show that
µρ(U \K) + µρ(K) ≥ µρ(U). (5.1)
If µρ(K) =∞, the inequality (5.1) trivially holds, so we assume that µρ(K) <∞. By Lemma
2.7 let V ∈ O(X) with compact closure be such that
K ⊆ V ⊆ V ⊆ U.
For ǫ > 0 choose W1 ∈ O(X) such that K ⊆ W1 ⊆ V and µρ(W1) < µρ(K) + ǫ. Also, there
exists W ∈ O(X) with compact closure such that
K ⊆W ⊆W ⊆W1 ⊆ V ⊆ V ⊆ U.
Choose an Urysohn function g ∈ Cc(X) such that 1W ≤ g ≤ 1, supp g ⊆W1. Then
ρ(g) ≤ µρ(W1) < µρ(K) + ǫ.
First assume that µρ(U) <∞. By part y3 choose f ∈ Cc(X) such that 1V ≤ f ≤ 1, supp f ⊆
U , and
ρ(f) > µρ(U)− ǫ.
Note that 0 ≤ f − g ≤ 1, and, since f − g = 0 on W , we have supp (f − g) ⊆ U \K. Since
f = 1 on supp g and ρ is an s-functional, by Remark 4.12 and part (ii) of Lemma 4.4
ρ(g − f) = ρ(g) + ρ(−f) = ρ(g) − ρ(f),
so
ρ(f − g) = ρ(f)− ρ(g). (5.2)
Then we have:
µρ(U \K) ≥ ρ(f − g) = ρ(f)− ρ(g) ≥ µρ(U)− ǫ− µρ(K)− ǫ,
which gives us inequality (5.1). If µρ(U) =∞, use instead of f functions fn with 1V ≤ fn ≤
1, supp fn ⊆ U, ρ(fn) ≥ n in the above argument to show that µρ(U \ K) = ∞. Then
inequality (5.1) holds.
Now we would like to show that
µρ(U) ≥ µρ(U \K) + µρ(K). (5.3)
By monotonicity of µρ it is enough assume that µρ(U \K), µρ(K) <∞. Given ǫ > 0, choose
g ∈ Cc(X), 0 ≤ g ≤ 1 such that C = supp g ⊆ U \K and
ρ(g) > µρ(U \K)− ǫ.
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Note that K ⊆ U \C. If µρ(U \C) =∞, then µρ(U) =∞, so (5.3) holds. So assume that
µρ(U \ C) < ∞. By part y3 choose f ∈ Cc(X) such that 1K ≤ f ≤ 1, supp f ⊆ U \ C, and
ρ(f) > µρ(U \ C)− ǫ. Then
ρ(f) > µρ(U \ C)− ǫ ≥ µρ(K)− ǫ.
Since fg = 0, f, g ≥ 0, we have ρ(f+g) = ρ(f)+ρ(g). Since f+g ∈ Cc(X) with supp (f+g) ⊆
U , we obtain:
µρ(U) ≥ ρ(f + g) = ρ(f) + ρ(g) ≥ µρ(K) + µρ(U \K)− 2ǫ.
Therefore, µρ(U) ≥ µρ(U \K) + µρ(K).
Remark 5.3. In the proof of part y9 the only place where we need the fact that X is compact
and D(ρ) contains constants is when we use part (ii) of Lemma 4.4 to obtain formula (5.2) in
order to get inequality (5.1). If ρ is a quasi-linear functional on a locally compact space then
formula (5.2) holds by part (III) of Lemma 3.6, and we again obtain inequality (5.1). Our
means of obtaining inequality (5.1) resembles one from [13, Theorem 3.9].
Theorem 5.4. Suppose X is locally compact, ρ is a d-functional with Cc(X) ⊆ D(ρ) ⊆
Cb(X), and µρ defined in Definition 5.1. Then
(i) µρ is a deficient topological measure.
(ii) If ρ is real-valued on Cc(X), then µρ is compact-finite.
(iii) If ρ is bounded, then µρ is finite.
(iv) If X is compact and D(ρ) = C(X) then µρ(X) = ρ(1).
(v) If the domain of ρ includes constants, ρ(1) ∈ R, and ρ is an s-functional satisfying
constant condition (4.1) then µρ is a topological measure.
(vi) If ρ is a quasi-linear functional then µρ is a topological measure.
Proof. (i) Note that since ρ is not identically ∞, then neither is µρ. By part y1 of Lemma
5.2 µρ is nonnegative. Part y8 of Lemma 5.2 gives (DTM1) of Definition 2.2. Defini-
tion 5.1 and part y7 of Lemma 5.2 give regularity conditions (DTM2) and (DTM3) of
Definition 2.2. Thus, µρ is a deficient topological measure.
(ii) Follows from part y4 of Lemma 5.2.
(iii) Evident from Definition 5.1.
(iv) See Definition 5.1.
(v) Follows from part y9 (or just inequality (5.1)) of Lemma 5.2 and Theorem 2.6.
(vi) Follows form Remark 5.3 and Theorem 2.6.
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6 Left and right measures
Given a deficient topological measure and a bounded continuous function we may consider
four distribution functions.
Definition 6.1. Let µ be a finite deficient topological measure on a locally compact space X.
Let f ∈ Cb(X). Define the following nonnegative functions on R:
L1(t) = L1,µ,f (t) = µ(f
−1((−∞, t))),
L2(t) = L2,µ,f (t) = µ(f
−1((−∞, t])),
R1(t) = R1,µ,f (t) = µ(f
−1((t,∞))),
R2(t) = R2,µ,f (t) = µ(f
−1([t,∞))).
Remark 6.2. For particular µ and f to simplify notations we use L1, L2, R1, R2. When we
need to emphasize the dependence on µ and f , we use notations L1,µ,f , R1,µ,f and so on.
When we need to use, say, L1 as a function of f we denote it by L1,f .
Lemma 6.3. Let µ be a finite deficient topological measure on a locally compact space X, f ∈
Cb(X). Let nonnegative real-valued functions L1, L2, R1, R2 be as in Definition 6.1. Then
I. Functions L1, L2 are non-decreasing; R1, R2 are non-increasing. If f(X) ⊆ [a, b] then
L1(a) = L2(a
−) = 0; L1(b
+) = L2(b
+) = L2(b) = µ(X),
R1(a
−) = R2(a
−) = R2(a) = µ(X); R1(b) = R2(b
+) = 0.
II. L1 is left-continuous, R1 is right-continuous.
III. L1(t
−) = L2(t
−) = L1(t) for any t. If L2 is left-continuous at t (in particular, continu-
ous at t) then L1(t) = L2(t). Similarly, R2(t
+) = R1(t
+) = R1(t) for any t, and if R2 is
right-continuous at t then R1(t) = R2(t). In particular, the set of t where L1(t) 6= L2(t)
and the set of t where R1(t) 6= R2(t) are, at most, countable sets.
IV. L1(t) +R1(t) ≤ µ(X) for every t.
V. If X is compact, the function L2 is right-continuous, and R2 is left-continuous. If X is
locally compact, f ∈ C0(X), then R2(t) is left-continuous at a and any t > 0, and L2(t)
is right-continuous at b and any t < 0. In particular, R2 is left-continuous at all t except,
possibly, t ∈ E for some countable set E ⊆ (−∞, 0] \ {a} and L2(t) is right-continuous
at all t except, possibly, t ∈ E1 for some countable set E1 ⊆ [0,∞) \ {b}.
Proof. I. Easy to see.
II. The sets Us = f
−1((−∞, s)) are open, Us ր Ut as s → t
−, so by Lemma 2.8 L1 is
left-continuous. The argument for R1 is similar.
III. Let s < t. Then f−1((−∞, s)) ⊆ f−1((−∞, s]) ⊆ f−1((−∞, t)), and so L1(t
−) ≤
L2(t
−) ≤ L1(t) ≤ L2(t). By left-continuity of L1 we have L1(t
−) = L2(t
−) = L1(t); if
L2 is left-continuous at t then L1(t) = L2(t). Similarly for R1 and R2.
IV. The sets f−1((−∞, t)) and f−1((t,∞)) are disjoint open sets, so from superadditivity
of µ we see that L1(t) +R1(t) ≤ µ(X) for every t.
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V. If X is compact, the sets Ca = f
−1([a,∞) are compact. From Lemma 2.8 it follows
that R2 is left-continuous. If X is locally compact and f ∈ C0(X) then the sets Ka =
f−1([a,∞)), a > 0 are compact. From Lemma 2.8 it follows that R2 is left-continuous
at any t > 0. The assertions about L2 are proved similarly.
Remark 6.4. Let µ be a finite deficient topological measure on a locally compact space X.
Let f ∈ Cb(X) with f(X) ⊆ [a, b]. By Theorem 2.9 and part I of Lemma 6.3 the Riemann-
Stieltjes integral∫ b
a
id dL1 = −
∫ b
a
L1(t)dt+ L1(b
+)b = −
∫ b
a
L1(t)dt+ bµ(X).
Let l be the Lebesque-Stieltjes measure associated with L1, so l is a regular Borel measure
on R. By part III of Lemma 6.3 we see that∫ b
a
id dl =
∫ b
a
id dL1 = −
∫ b
a
L1(t)dt+ bµ(X) = −
∫ b
a
L2(t)dt+ bµ(X).
Let r be the Lebesque-Stieltjes measure associated with −R1, a regular Borel measure on R.
We have: ∫ b
a
id dr =
∫ b
a
id d(−R1) =
∫ b
a
R1(t)dt+ aµ(X) =
∫ b
a
R2(t)dt+ aµ(X).
Definition 6.5. We call l the left measure and r the right measure. When the right and left
measures are equal, we set m = r = l.
Remark 6.6. The measures r and l arise from functions R1 = R1,µ,f and L1 = L1,µ,f . We
use notations R1,f , rf , lf when we need to emphasize the dependence of R1 and measures r, l
on the function f . If we want to use measures r and l as functions of f and µ, we write
rf,µ, lf,µ.
When µ is a topological measure, measure m is equal to µf in [13] and mf in [5]. See [5,
Remark 28, Sect. 3].
Theorem 6.7. Let µ be a finite deficient topological measure on a locally compact space X,
and let f ∈ C0(X).
(I) There are regular Borel measures r and l on R such that supp r ⊆ f(X), supp l ⊆
f(X), l(R) = µ(X), r(R) = µ(X),
r((t,∞)) = µ(f−1((t,∞))) for all t,
r([t,∞)) = µ(f−1([t,∞))) for all t /∈ E,
where E ⊆ (−∞, 0] is a countable set from part V of Lemma 6.3
l((−∞, t)) = µ(f−1((−∞, t))) for all t,
l((−∞, t]) = µ(f−1((−∞, t])) for all t /∈ E1,
where E1 ⊆ [0,∞) is a countable set from part V of Lemma 6.3.
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(II) For any open or closed set A ⊆ R
µ(f−1(A)) ≤ l(A), µ(f−1(A)) ≤ r(A).
Proof. Let f(X) = [a, b].
(I) By Lemma 6.3 L1 is left-continuous, so for every t
l((−∞, t)) = L1(t) = µ(f
−1((−∞, t))).
Next, using Lemma 2.8
l(R) = lim
n→∞
r((−∞, n)) = lim
n→∞
µ(f−1((−∞, n))) = µ(f−1(R)) = µ(X).
If t /∈ E1, then L2 is right-continuous at t. Since L2 = L1 outside of a countable
set, l((−∞, t]) = lims→t+ l((−∞, s)) = lims→t+ L1(s) = lims→t+ L2(s) = L2(t) =
µ(f−1((−∞, t])).
Since L1 is constant on (−∞, a) and on (b,∞), we see that l((−∞, a)) = l((b,∞)) = 0.
It follows that supp l ⊆ [a, b] = f(X).
The statements for r can be proved similarly.
(II) Let (a, b) ⊆ R, b /∈ E. By the superadditivity of µ and part (I)
µ(f−1((a, b)) ≤ µ(f−1((a,∞))) − µ(f−1([b,∞)))
= r((a,∞))− r([b,∞)) = r((a, b)).
For (a, b) with b ∈ E, choose bn /∈ E such that (a, bn) ր (a, b). Since by Lemma 2.8
µ◦f−1 and r are both τ -smooth on open sets, we have µ(f−1((a, b))) ≤ r((a, b)) for any
(a, b). We see that µ(f−1(J)) ≤ r(J) for any finite or infinite open interval J . Then the
same inequality holds for any open set W ⊆ R.
Now let C ⊆ R be closed. Then
µ(f−1(C)) ≤ inf{µ(f−1(W ) : C ⊆W, W ∈ O(X)}
≤ inf{r(W ) : C ⊆W, W ∈ O(X)} = r(C).
The statements for the left measure l can be proved in a similar way.
Theorem 6.8. Let µ be a finite deficient topological measure on a locally compact space.
Then r = l iff L1(t) +R1(t) = µ(X) for a.e. t with respect to the Lebesque measure.
Proof. Using Remark 6.4 and part IV of Lemma 6.3 we may note that
r = l =⇒
∫ b
a
id dL1 =
∫ b
a
id d(−R1)
⇐⇒
∫ b
a
R1dx+ aµ(X) = −
∫ b
a
L1dx+ bµ(X)
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⇐⇒
∫ b
a
(L1 +R1)dx = (b− a)µ(X)
⇐⇒ L1 +R1 = µ(X) a.e.,
where a.e. is with respect to the Lebesque measure λ.
Conversely, let L1(t) + R1(t) = µ(X) for t /∈ D, where λ(D) = 0. We may assume that
D contains sets E,E1 from part V of Lemma 6.3 and all points where L1 6= L2, R1 6= R2. If
[a, b] ⊆ R and a, b /∈ E then by part (I) of Theorem 6.7 we have:
l([a, b]) = l((−∞, b])− l((−∞, a)) = L2(b)− L1(a)
= µ(X)−R1(b)− µ(X) +R2(a) = r([a,∞))− r((b,∞)) = r([a, b]).
An arbitrary interval (a, b) can be written as
⋃
∞
n=1[an, bn], where intervals [an, bn] are ordered
by inclusion, and an, bn /∈ E. It follows that measures l = r on R.
Theorem 6.9. Let µ be a finite topological measure on a locally compact space X. Let
f ∈ C0(X). Then for the right and left measures r, l we have r = l.
Proof. Let f(X) ⊆ [a, b]. By Theorem 6.8 it is enough to show that there is a countable
set D such that L1(t) + R1(t) = µ(X) for all t ∈ R \ D. Let D be the countable (by part
III of Lemma 6.3) set consisting of 0 and all points where L1 6= L2, R1 6= R2. If t > 0 then
f−1([t,∞)) is compact, and it follows from (TM1) of Definition 2.4 that L1(t)+R2(t) = µ(X).
R1(t) = R2(t) for t ∈ (0,∞) \D, so L1(t) + R1(t) = L1(t) + R2(t) = µ(X). Similarly, for all
t ∈ (−∞, 0) \D we have L1(t) +R1(t) = L2(t) +R1(t) = µ(X).
Theorem 6.10. Let µ be a finite topological measure on a locally compact space X, and let
regular Borel measure m = r = l.
(I) If f ∈ C0(X), then m(A) = µ(f
−1(A)) for any open set A ⊆ R and any closed set
A ⊆ R \ {0}.
(II) If X is compact, f ∈ C(X) then m(A) = µ(f−1(A)) for any open or closed set A ⊆ R.
Proof. (I) First let (a, b) ∈ R, b 6= 0. Note that in
f−1((a,∞)) = f−1((a, b)) ⊔ f−1({b}) ⊔ f−1((b,∞)),
all the sets are open except for the middle set on the right hand side, which is compact
since f ∈ C0(X). Applying µ we obtain
R1(a) = µ(f
−1((a, b))) + µ(f−1({b})) + µ(f−1((b,∞))) (6.1)
Since f−1((b,∞))⊔f−1({b}) ⊆ f−1((t,∞)) for any t < b, by superadditivity (see Lemma
2.8) we have:
µ(f−1({ b})) + µ(f−1((b,∞))) ≤ µ(f−1((t,∞))) = R1(t).
Thus, from (6.1) we see that R1(a) ≤ µ(f
−1((a, b))) +R1(t). As t→ b
− we have:
m((a, b)) = R1(a)−R1(b
−) ≤ µ(f−1((a, b))).
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Together with part (II) of Theorem 6.7 we obtain m((a, b)) = µ(f−1((a, b))) for any
interval (a, b), b 6= 0. An interval (a, 0) = ∪∞n=1(a,−
1
n). Since both µ and m are τ−
smooth and additive on open sets (see Lemma 2.8), the result holds for any finite open
interval in R, and then for any open set in R. Below in (III) we shall prove that
µ(f−1(C)) = m(C) for closed sets in R \ {0}.
(II) The set f−1([d,∞)) is compact for every d, and the argument as in part (I) shows that
m(W ) = µ(f−1(W )) for every open set W ⊆ R.
Now let C ⊆ R be closed. Choose W ∈ O(X) such that C ⊆ W . Since f−1(C) is
compact and µ is a topological measure,
m(W )− µ(f−1(C)) = µ(f−1(W ))− µ(f−1(C))
= µ(f−1(W \ C)) = m(W \ C).
Thus µ(f−1(C)) = m(C).
(III) Now we shall finish the proof of part (I). Let C ∈ R\{0}. Set C1 = C∩(0,∞) and C2 =
C ∩ (−∞, 0). We have C = C1 ⊔ C2, and b = inf C1 > 0. Since f
−1(C1) ⊆ f
−1([b,∞)),
the set f−1(C1) is compact. An argument similar to the one in part (II) shows that
µ(f−1(C1)) = m(C1). Similarly, µ(f
−1(C2)) = m(C2), and so by finite additivity of µ
and m on compact sets µ(f−1(C)) = m(C).
Lemma 6.11. Let µ be a finite deficient topological measure on a locally compact space X.
I. If µ is a simple deficient topological measure, then measures r and l are point masses,
l = δa, r = δb, b ≤ a, where
a = inf{t : L1(t) = 1} = sup{s : L1(s) = 0},
b = inf{t : R1(t) = 0} = sup{s : R1(s) = 1}.
II. If X is compact and f = c is a constant function, then the measure m = µ(X)δc, where
δc is a point mass at c.
Proof. I. Since µ is simple, the non-decreasing function L1 assumes only two values, and
has single discontinuity at a = inf{t : L1(t) = 1} = sup{s : L1(s) = 0}. Since
l({a}) = L1(a
+) − L1(a
−) = 1, we see that l = δa. Similarly, r = δb, where b = inf{t :
R1(t) = 0} = sup{s : R1(s) = 1}.
If a < b then L1(t) + R1(t) = 2 on interval (a, b), which contradicts part IV of Lemma
6.3. Thus, b ≤ a.
II. We have R1(t) = µ(X) for every t < c, and R1(t) = 0 for every t ≥ c. Then m({c}) =
r({c}) = R1(c
−)−R1(c
+) = µ(X).
Example 1. Let X = R, D = [0, 1] and µ be a simple deficient topological measure as in [4,
Example 48, Sect. 6], i.e. µ(A) = 1 if D ⊆ A and µ(A) = 0 otherwise, where A ∈ O(X) ∪
K (X). Consider the following f ∈ C0(X) : f(0) = 1, f(t) = 0 for t ∈ (−∞,−1] ∪ [1,∞), and
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f is linear on [−1, 0] and [0, 1]. Note that D ⊆ f−1((−∞, t)) iff t > 1, and D ⊆ f−1((t,∞))
iff t < 0. Thus,
L1(t) =
{
1 if t > 1
0 if t ≤ 1
and
R1(t) =
{
1 if t < 0
0 if t ≥ 0
So l = δ1 and r = δ0.
Example 2. LetX = R, the family E = {D = [1, 2]}, λ0 = δ3/2. Let µ = λ+ as in [4, Example
49, Sect. 6]. Consider the following f ∈ C0(X) : f(0) = 2, f(t) = 1 for t ∈ [1, 2], f(t) = 0 for
t ∈ (−∞,−1]∪ [3,∞), and f is linear on [−1, 0], [0, 1], and [2, 3]. Note that D ⊆ f−1((−∞, t))
iff t > 1, and D ⊆ f−1((t,∞)) iff t < 1. It follows that
L1(t) = λ
+(f−1((−∞, t))) =
{
1 if t > 1
0 if t ≤ 1
and
R1(t) = λ
+(f−1((t,∞))) =
{
1 if t < 1
0 if t ≥ 1
Thus, for measures l, r we have l = r = δ1.
Remark 6.12. In Theorem 6.7 it is stated that supp l, supp r ⊆ f(X). In Example 1 and
Example 2 supp l and supp r are properly contained in f(X). On the other hand, from part
II of Lemma 6.11 we see that it is also possible to have supp l = supp r = f(X).
Remark 6.13. From part IV of Lemma 6.3 we know that L1(t) +R1(t) ≤ µ(X). Although
L1(t) +R1(t) = µ(X) a.e. when µ is a finite topological measure (see Theorems 6.8 and 6.9),
for deficient topological measures we may have both situations: in Example 2 L1(t)+R1(t) =
µ(X) a.e., but in Example 1 we have L1(t) +R1(t) = 0 < µ(X) for t ∈ (0, 1).
In Lemma 6.11 we have b ≤ a. Example 1 and Example 2 show that both situations when
b < a and b = a are possible. These examples also show that when µ is a deficient topological
measure, we can have both situations for measures l and r induced by µ and a given function
f : when l = r and when l 6= r.
7 Functionals from deficient topological measures
When µ is a finite deficient topological measure (not a topological measure) the measures r, l
are not equal in general, and we consider two different integrals:∫ b
a
id dl
and ∫ b
a
id dr.
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Definition 7.1. Let µ be a finite deficient topological measure on a locally compact space X,
and let measures r = rf,µ, l = lf,µ,m = mf,µ be as in Definition 6.5, Remark 6.4, and Remark
6.6. Define the following functionals on Cb(X):
R(f) = Rµ(f) =
∫
R
id dr,
L(f) = Lµ(f) =
∫
R
id dl,
and
ρ(f) = ρµ(f) =
∫
R
id dm.
Remark 7.2. By Theorem 6.7 supp r, supp l ⊆ f(X), so for any [a, b] containing f(X)
R(f) =
∫
R
id dr =
∫
[a,b]
id dr, L(f) =
∫
[a,b]
id dl, ρ(f) =
∫
[a,b]
id dm.
With functions L1, L2, R1, R2 as in Definition 6.1 by Remark 6.4 we have:
L(f) =
∫
R
id dl =
∫ b
a
id dl = −
∫ b
a
L1(t)dt+ bµ(X) = −
∫ b
a
L2(t)dt+ bµ(X). (7.1)
R(f) =
∫
R
id dr =
∫ b
a
id dr =
∫ b
a
R1(t)dt+ aµ(X) =
∫ b
a
R2(t)dt+ aµ(X). (7.2)
If f = c is a constant function then
R(f) = L(f) = cµ(X). (7.3)
If f is nonnegative with f(X) ⊆ [0, b] we have:
R(f) =
∫ b
0
id dr =
∫ b
0
R1(t)dt =
∫ b
0
R2(t)dt. (7.4)
When r = l (in particular, when µ is a topological measure) and f(X) ⊆ [0, b] we have
ρ(f) =
∫ b
0
id dm =
∫ b
0
R1(t)dt =
∫ b
0
R2(t)dt.
Similarly, if f is nonpositive with f(X) ⊆ [a, 0] we have:
L(f) =
∫ 0
a
id dl = −
∫ 0
a
L1(t)dt = −
∫ 0
a
L2(t)dt. (7.5)
When r = l (in particular, when µ is a topological measure) and f(X) ⊆ [a, 0] we have
ρ(f) =
∫ 0
a
id dm = −
∫ 0
a
L1(t)dt = −
∫ 0
a
L2(t)dt.
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Remark 7.3. Note that when µ is a topological measure, we obtain familiar formulas. See,
for example, [13, Proposition 3.7] and [5, Remark 43, Section 5]. These results were, in turn,
generalizations of results first obtained by J. F. Aarnes for compact spaces in [1]. For example,
when X is compact and µ(X) = 1, formula (7.2) gives [1, formula (3.3)].
Remark 7.4. We have the connection between R and L (which is the same as noted in [15,
p. 739]). We use notations as in Remark 6.6. Observe that R1,f (−t) = L1,−f (t). Thus,
l−f = rf ◦ T
−1, where T (t) = −t for t ∈ R. Then
∫
R id dl−f = −
∫
R id drf , i.e.
L(−f) = −R(f). (7.6)
We may prove results forR and obtain similar results for L by analogy (as we did, for example,
in Theorem 6.7) or using relation (7.6).
Definition 7.5. Let R be the functional as in Definition 7.1. We call the functional R a
quasi-integral (with respect to a deficient topological measure µ) and write:∫
X
f dµ = R(f) = Rµ(f) =
∫
R
id dr.
Remark 7.6. If µ is a topological measure on X, by Definitions 7.1 and 6.5 we obtain exactly
the quasi-integral in [5, Definition 27, Section 3].
Lemma 7.7. Let L,R be functionals as in Definition 7.1.
(i) R is orthogonally additive on nonnegative functions, and L is orthogonally additive on
nonpositive functions.
(ii) R(0) = 0 and L(0) = 0.
(iii) L,R are positive-homogeneous functionals.
(iv) L,R are monotone. In particular, L,R are positive.
Proof. We use notations as indicated in Remark 6.6.
(i) Let f, g ≥ 0 and fg = 0. Say, f(X), g(X) ⊆ [0, b]. For any t > 0 observe that
(f + g)−1((t,∞)) = f−1((t,∞))⊔ g−1((t,∞)), so by additivity of a deficient topological
measure on disjoint open sets we immediately obtain R1,f+g(t) = R1,f (t) + R1,g(t).
Since (f + g)(X) ⊆ [0, b], from (7.4) we have R(f + g) = R(f) + R(g). Thus, R is
orthogonally additive on nonnegative functions. Then orthogonal additivity of L on
nonpositive functions follows from (7.6).
(ii) Follows from part (i) or from (7.4) and (7.5).
(iii) If c = 0 then from (ii) we see that R(cf) = L(cf) = 0. Let c > 0. Since L1,cf (t) =
L1,f (t/c), from (7.1) we see that L(cf) = cL(f). One can show that R is also positive-
homogeneous in a similar way using (7.2) or using positive-homogenuity of L together
with formula (7.6).
(iv) Suppose that f ≤ g. Choose an interval [a, b] which contains both f(X) and g(X).
Since L1,f ≥ L1,g and R1,f ≤ R1,g, from (7.1) and (7.2) we see that L(f) ≤ L(g) and
R(f) ≤ R(g).
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Lemma 7.8. If h = φ ◦ f ∈ A+(f) and [a, b] is any interval containing f(X) then
R(h) =
∫
[a,b]
φdrf .
Similarly, if h = φ ◦ f ∈ A−(f) then
L(h) =
∫
[a,b]
φdlf .
Proof. Let rf , rh be the right measures for functions f and h as in Theorem 6.7, rf is supported
on f(X) ⊆ [a, b]. Since φ is nondecreasing, for any interval (t,∞) we have φ−1((t,∞)) =
(s,∞), where s = min{y ∈ [a, b] : φ(y) = t}. (This is similar to [15, Proposition 13(1)].)
Then
rh((t,∞)) = µ(h
−1((t,∞))) = µ(f−1(φ−1((t,∞))))
= µ(f−1((s,∞))) = rf ((s,∞)) = (rf ◦ φ
−1)((t,∞)).
Thus, rh = rf ◦ φ
−1 are equal as measures. Using formula (7.2) we have:
R(h) =
∫
R
id drh =
∫
[a,b]
φdrf .
The formula L(h) =
∫
[a,b] φdlf can be proved in a similar way.
Lemma 7.9. The functional R is conic-linear on each cone A+(f), and the functional L is
conic-linear on each cone A−(f).
Proof. Suppose h, g ∈ A+(f), h = φ ◦ f, g = ψ ◦ f, f(X) ⊆ [a, b]. Applying Lemma 7.8 we
have:
R(h+ g) = R(φ ◦ f + ψ ◦ f) = R((φ+ ψ) ◦ f) =
∫
[a,b]
(φ+ ψ) drf
=
∫
[a,b]
φdrf +
∫
[a,b]
ψ drf = R(h) +R(g).
Since by Lemma 7.7 R is also positive-homogeneous, we see that R is conic-linear on A+(f)
for each f . The statements for L can be proved similarly.
Theorem 7.10. (i) The functional R is a p-conic quasi-linear functional, and the func-
tional L is an n-conic quasi-linear functional.
(ii) The functional R is an r-functional , and L is an l-functional.
Proof. (i) Follows from Lemma 7.7 and Lemma 7.9.
(ii) Apply Lemma 4.18.
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Remark 7.11. When µ is a topological measure, the functional ρ = ρµ is a quasi-linear
functional (see [5, Theorem 30, Section 3]), so ρ is linear on each singly generated subalgebra.
Theorem 7.10 gives an analog of this for the case when µ is a deficient topological measure: if
µ is a deficient topological measure, then the functional R obtained from µ is p-conic linear,
so, in particular, it is conic-linear on the cone A+(f) for each f .
The next lemma shows properties that relate R and µ.
Lemma 7.12. Let µ be a finite deficient topological measure, and R,L be functionals on
C0(X)obtained from µ as in Definition 7.1.
z1. If U ∈ O(X) and f ∈ C(X) is such that supp f ⊆ U, 0 ≤ f ≤ 1 then R(f) ≤ µ(U).
z2. If C ∈ C (X) and f is such that 0 ≤ f ≤ 1, f = 1 on C, then R(f) ≥ µ(C).
z3. For any f ∈ C0(X)
µ(X) · inf
x∈X
f(x) ≤ R(f) ≤ µ(X) · sup
x∈X
f(x).
Similarly,
µ(X) · inf
x∈X
f(x) ≤ L(f) ≤ µ(X) · sup
x∈X
f(x).
Hence, ‖ R ‖, ‖ L ‖≤ µ(X).
z4. If U ∈ O(X) then µ(U) = sup{R(f) : f ∈ Cc(X), 0 ≤ f ≤ 1, supp f ⊆ U}.
z5. If K ∈ K (X) then µ(K) = inf{R(g) : g ∈ Cc(X), g ≥ 1K}.
z6. If K ∈ K (X) then
µ(K) = inf{R(g) : g ∈ Cc(X), g ≥ 1K , 0 ≤ g ≤ 1}
= inf{R(g) : g ∈ C0(X), g ≥ 1K}
= inf{R(g) : g ∈ C0(X), g ≥ 1K , 0 ≤ g ≤ 1}.
z7. ‖ R ‖= µ(X) =‖ L ‖, so |R(f)| ≤‖ R ‖‖ f ‖ and |L(f)| ≤‖ L ‖‖ f ‖.
z8. If f, g ∈ Cc(X), f, g ≥ 0, supp f, supp g ⊆ K where K is compact, then
|R(f)−R(g)| ≤‖ f − g ‖ µ(K).
If X is compact we also have:
(i) If c is a constant then R(c) = cµ(X) and, hence, R(f + c) = R(f) + cµ(X).
(ii) For any functions f, g ∈ D(ρ)
|R(f)−R(g)| ≤ R(1) ‖ f − g ‖= µ(X) ‖ f − g ‖ .
Proof. By Theorem 6.7, if 0 ≤ f ≤ 1 then supp r ⊆ [0, 1].
z1. Using formula (7.2) and part (I) of Theorem 6.7, we have: R(f) =
∫
R id dr ≤ 1 · r({t :
t > 0}) = µ(f−1(0,∞)) ≤ µ(U).
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z2. Using part (I) of Theorem 6.7 we have:
R(f) =
∫
R
id dr ≥ 1 · r({t : t = 1}) = µ(f−1([1,∞)) ≥ µ(C).
z3. Let a = infx∈X f(x), b = supx∈X f(x). It is enough to assume a /∈ E (see part (I) of
Theorem 6.7), for otherwise we may take an ր a, an /∈ E. Then
aµ(X) = aµ(f−1([a,∞))) = ar([a,∞)) = ar([a, b])
≤
∫ b
a
id dr = R(f) ≤ br([a,∞)) = bµ(X).
Because of formula (7.6), the statement for L(f) also holds.
z4. By part z1, sup{R(f) : f ∈ Cc(X), 0 ≤ f ≤ 1, supp f ⊆ U} ≤ µ(U). For ǫ > 0
choose K ∈ K (X) such that µ(U) − µ(K) < ǫ. Pick f ∈ Cc(X) such that 0 ≤ f ≤
1, supp f ⊆ U, f = 1 on K. Then by part z2 R(f) ≥ µ(K) ≥ µ(U)− ǫ. It follows that
sup{R(f) : f ∈ Cc(X), 0 ≤ f ≤ 1, supp f ⊆ U} = µ(U).
z5. Take any U ∈ O(X) containing K. Taking an Urysohn function f such that f = 1 on
K, supp f ⊆ U and using part z1 we see that inf{R(g) : g ∈ Cc(X), g ≥ 1K} ≤ R(f) ≤
µρ(U). Taking the infimum over all open sets containing K we have:
inf{R(g) : g ∈ Cc(X), g ≥ 1K} ≤ µρ(K).
To prove the opposite inequality, take any g ∈ Cc(X) such that g ≥ 1K . Let 0 < δ < 1.
Let
U = {x : g(x) > 1− δ}.
Then U is open and K ⊆ U . Consider function h = inf{g, 1 − δ}, so h ∈ Cc(X).
Since 0 ≤ h ≤ g we have R(h) ≤ R(g). Because
h
1− δ
= 1 on U , for any function
f ∈ Cc(X), 0 ≤ f ≤ 1, supp f ⊆ U we have f ≤
h
1− δ
and so by parts (iii) and (iv) of
Lemma 7.7
R(f) ≤ R
(
h
1− δ
)
=
R(h)
1− δ
≤
R(g)
1− δ
.
Then
µ(K) ≤ µ(U) = sup
{
R(f) : f ∈ Cc(X), 0 ≤ f ≤ 1U , supp f ⊆ U
}
≤
R(g)
1− δ
.
Thus, for any g ∈ Cc(X) such that g ≥ 1K and any 0 < δ < 1
(1− δ)µ(K) ≤ R(g).
Therefore, µ(K) ≤ inf{R(g) : g ∈ Cb(X), g ≥ 1K}.
z6. In the argument for part z5 we may use, respectively, g ∈ Cc(X), g ≥ 1K , 0 ≤ g ≤ 1 or
g ∈ C0(X), g ≥ 1K or g ∈ C0(X), g ≥ 1K , 0 ≤ g ≤ 1.
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z7. By part z4 we see that µ(X) ≤‖ R ‖. Using also part z3 we have ‖ R ‖= µ(X), and by
formula (7.6) also ‖ L ‖= µ(X).
z8. It is enough to consider K = supp f ∪ supp g. For any function h ∈ Cc(X) such that
h ≥ 0, h = 1 on K as in formula (3.1) in the proof of part (V) of Lemma 3.6 we have:
|R(f)−R(g)| ≤‖ f − g ‖ R(h).
Taking the infimum over functions h, by part z5 we obtain the assertion.
(i) By formula (7.3), R(c) = cµ(X), and the rest of the statement follows from Theorem
7.10.
(ii) Since R is monotone, an r-functional, and µ(X) =‖ R ‖= R(1) the statement follows
from Remark 4.5.
Remark 7.13. The proof of part z5 is similar to the one for [5, Lemma 35(p4), Sect. 4],
which, in turn, follows a proof from [9].
Remark 7.14. Part z8 of Lemma 7.12 means that on C+0 (X) the functional R is continuous
with respect to topology of uniform convergence on compacta.
Definition 7.15. Let f be a continuous function on X on a locally compact space X. Con-
sider the σ-algebra of subsets of X
Σf = f
−1(B(R)),
where B(R) are the Borel subsets of R. Let r, l,m be measures on R as in Theorem 6.7 . On
Σf define measure nr, nl, n by setting for each E ∈ Σf
nr(E) = r(f(E)), nl(E) = l(f(E)), n(E) = m(f(E))
Remark 7.16. Definition 7.15 leads to another way to represent functionals R and L. Let
Σf and measures nr, nl be as in Definition 7.15. Then for any set D ∈ B(R) we have:
nr ◦ f
−1(D) = r(f(f−1(D))) = r(D), nl ◦ f
−1(D) = l(D),
i.e.
nr ◦ f
−1 = r, nl ◦ f
−1 = l and n ◦ f−1 = m on B(R). (7.7)
By formula (7.2)
R(f) =
∫
R
id dr =
∫
R
id d(nr ◦ f
−1) =
∫
X
f dnr,
i.e.
R(f) =
∫
X
f dnr.
Similarly,
L(f) =
∫
X
f dnl.
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Lemma 7.17. Let µ be a finite deficient topological measure on a locally compact space X,
f ∈ C0(X), and nr, nl be measures defined in Definition 7.15.
(i) nr(f
−1((t,∞)) = µ(f−1((t,∞)) for all t,
nr(f
−1([t,∞)) = µ(f−1([t,∞)) for all t /∈ E,
where E ⊆ (−∞, 0] is a countable set from part V of Lemma 6.3;
nl(f
−1((−∞, t)) = µ(f−1((−∞, t)) for all t,
nl(f
−1((−∞, t]) = µ(f−1((−∞, t]) for all t /∈ E1,
where E1 ⊆ [0,∞) is a countable set from part V of Lemma 6.3.
(ii) For any open or closed set A ⊆ R
µ(f−1(A)) ≤ nr(f
−1(A)), µ(f−1(A)) ≤ nl(f
−1(A)).
(iii) If µ is a finite topological measure and f ∈ C0(X), then also n(f
−1(A)) = µ(f−1(A) for
any open or closed set A ⊆ R \ {0}.
(iv) If µ is a finite topological measure and X is compact, then n(f−1(A)) = µ(f−1(A)) for
any open or closed set A ⊆ R.
Proof. Follows from (7.7), Theorem 6.7, and Theorem 6.10.
Remark 7.18. Definition 7.15 and Remark 7.16 were first observed for the case of the
compact space X by M. Svistula, see [15, (3.4)].
8 Representation Theorems for deficient topological measures
Theorem 8.1 (Representation theorem). Let µ be a finite deficient topological measure on a
locally compact space X.
(i) Then there exists a unique p-conic quasi-linear functional R on C+0 (X) of finite norm
such that µ = µR and ‖ R ‖= µ(X). In fact, R = Rµ.
(ii) If X is compact, the unique functional R can be taken to be a real-valued r-functional
on C(X).
Here Rµ and µR are as in Definition 7.1 and Definition 5.1.
Proof. (i) Let µ be a finite deficient topological measure on a locally compact space X,
and let R = Rµ be a functional on C
+
0 (X) obtained from µ as in Definition 7.1. Note
that R is a d-functional by Theorem 7.10 and Remark 4.17. Then µR defined as in
Definition 5.1 from R is a deficient topological measure by Theorem 5.4. From part y4
of Lemma 5.2 and part z5 of Lemma 7.12 we see that µ(K) = µR(K) for every compact
K. Thus, µ = µR. By part z7 of Lemma 7.12 µ(X) =‖ R ‖ .
Now we shall show the uniqueness. Let η be another p-conic quasi-linear functional on
C+0 (X) of finite norm such that µη = µR. Then for some a ≥ 1
‖ η ‖≤ aµ(X).
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Let f ∈ C+0 (X). Both ρ and η are positive-homogeneous, so we may assume that
f(X) = [0, 1]. For n ∈ N let ti = i/n, i = 0, . . . , n. For i = 1, . . . , n consider functions
φi defined as follows:
φi(t) =


0 if t ≤ ti−1
t− ti−1 if ti−1 < t < ti
1
n if t ≥ ti .
With functions fi = φi ◦ f we have f =
∑n
i=1 fi. Since each φi is non-decreasing, and
φi(0) = 0, each fi ∈ A
+(f). Since R and η are both p-conic quasi-linear functionals,
we have
R(f) = R(
n∑
i=1
fi) =
n∑
i=1
R(fi), η(f) =
n∑
i=1
η(fi). (8.1)
By part z1 of Lemma 7.12 R(nf1) ≤ µ(X), so 0 ≤ R(f1) ≤
1
nµ(X) ≤
a
nµ(X). We have
0 ≤ η(nf1) ≤‖ η ‖≤ aµ(X), i.e. 0 ≤ η(f1) ≤
a
nµ(X). Thus,
|R(f1)− η(f1)| ≤
aµ(X)
n
. (8.2)
For each i = 2, . . . , n let Ki = f
−1([ti,∞)), Vi = f
−1((ti−1,∞)). Choose an open set
Ui ⊆ Vi such that µ(Ui) − µ(Ki) <
1
n and then pick an Urysohn function gi ∈ Cc(X)
such that 0 ≤ gi ≤
1
n , gi =
1
n on Ki and supp gi ⊆ Ui ⊆ Vi. Since ngi = 1 on K and
µ = µR = µη, by part y4 of Lemma 5.2 and Definition 5.1 µ(Ki) ≤ R(ngi), η(ngi) ≤
µ(Ui), and so |R(ngi)− η(ngi)| ≤ µ(Ui)− µ(Ki) ≤
1
n . Then
|R(gi)− η(gi)| ≤
1
n2
. (8.3)
Let g =
∑n
i=2 gi, h =
∑n
i=2 fi. Since supp (g3 + . . . + gn) ⊆ K2 and g2 = 1 on K2, by
part (III) of Lemma 3.6 ρ(g2 + g3 + . . . gn) = ρ(g2) + ρ(g3 + . . . gn). Similarly for η. By
induction
R(g) =
n∑
i=2
R(gi), η(g) =
n∑
i=2
η(gi). (8.4)
Then
|R(g) − η(g)| ≤
n∑
i=2
|R(gi)− η(gi)| ≤
n− 1
n2
<
1
n
. (8.5)
Note that ‖ g − h ‖≤ 1n , so by part (V) of Lemma 3.6
|R(g) −R(h)| ≤
µ(X)
n
, |η(g) − η(h)| ≤
aµ(X)
n
. (8.6)
Using (8.2), (8.6), and (8.5) we obtain:
|R(f)− η(f)| ≤ |R(f1)− η(f1)|+ |R(h) − η(h)|
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≤ |R(f1)− η(f1)|+ |R(h) −R(g)|
+ |R(g)− η(g)| + |η(g) − η(h)|
≤
aµ(X)
n
+
µ(X)
n
+
1
n
+
aµ(X)
n
≤
1
n
(3aµ(X) + 1).
Thus, R = η.
(ii) Now let X be compact. We shall show that the proof for part (i) still applies, although
the reasoning for some estimates is different. We define the functional R = Rµ on
C(X). It is an r-functional by Theorem 7.10. Then |R(1)| =‖ R ‖= µ(X) < ∞, and
|R(−1)| ≤‖ R ‖< ∞. By monotonicity, R is real-valued. Let η be another real-valued
(hence, bounded by Proposition 3.7) r-functional on C(X) such that µ = µR = µη. To
show the uniqueness, by Remark 4.17 it is enough to show that ρ(f) = η(f) for f ≥ 0.
For the functions fi from the proof for part (i) note the following: supp (f2+ . . .+fn) ⊆
f−1([t1,∞)), f1 =
1
n on f
−1([t1,∞)), thus by part (III) of Lemma 4.19 we may apply
the c-level condition to obtain
R(f1 + f2 + . . .+ fn) = R(f1) +R(f2 + . . .+ fn).
Then by induction we may show that formula (8.1) holds for R and, similarly, for η.
In the same manner, by part (III) of Lemma 4.19 and induction we show that formula
(8.4) holds. Note that (8.2), (8.3), and (8.5) hold as in the proof of part (i). Estimations
(8.6) are valid by part (II) of Lemma 4.19. Now as in the end of the proof for part (i),
we show that R = η.
The proof is complete now.
Remark 8.2. Our inequality (8.3) is inspired by a similar estimate in the proof of [15,
Theorem 9].
Definition 8.3. Let L,QI,Φs,Φ+,Φ−,Φr,Φl represent subfamilies of bounded functionals
from L,QI,Φs,Φ+,Φ−,Φr,Φl respectively. We may indicate in parenthesis the domain of
functionals. For example, Φ+ = Φ+(C(X)) is the collection of all bounded p-conic quasi-
linear functionals on C(X).
Definition 8.4. Let DTM(X),TM(X),M(X) represent, respectively, subfamilies of finite
set functions from DTM(X), TM(X),M(X).
Corollary 8.5. Let X be locally compact.
(i) There is a bijection Γ : Φ+(C+0 (X)) −→ DTM(X) given by Γ(R) = µR. The inverse
bijection Π = Γ−1 is given by Π : DTM(X) −→ Φ+(C+0 (X)) where Π(µ) = Rµ. Here
µR and Rµ are according to Definition 5.1 and Definition 7.1.
(ii) There is a bijection ∆ : DTM(X) −→ Φ−(C−0 (X)) given by ∆(µ) = Lµ, where Lµ is
according to Definition 7.1.
(iii) If X is compact, there is a bijection between DTM(X) and Φr(C(X)) given by µ 7→ Rµ,
and a bijection between DTM(X) and Φl(C(X)).
Proof. (i) Follows from Theorem 8.1.
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(ii) By Remark 3.5 there is a bijection between Φ+(C+0 (X)) and Φ
−(C−0 (X)), so we obtain
bijection ∆. By formula (7.6) −Rµ(−f) = Lµ(f).
(iii) By Theorem 8.1 there is a bijection betweenDTM(X) andΦr(C(X)) given by µ 7→ Rµ.
By Remark 4.17 there is a bijection between Φr(C(X)) and Φl(C(X)).
Corollary 8.6. Suppose ρ is a finite c-functional on C0(X), and ρ = Rµ on C
+
0 (X), where
Rµ is a functional on C0(X) for some finite deficient topological measure µ as in Definition
7.1. Then ρ is an s-functional iff Lµ(g) = ρ(g) for all g ∈ C
−
0 (X), where Lµ is a functional
on C0(X) as in Definition 7.1.
Proof. If ρ(g) = Lµ(g) for all g ∈ C
−
0 (X) then ρ(g) = Lµ(g) = −Rµ(−g) = −ρ(−g), i.e.
−ρ(g) = ρ(−g). Since µ is finite, ρ is real-valued on C+0 (X), so ρ is real-valued. Then ρ is an
s-functional by part (i) of Proposition 4.13. The other direction can be proved similarly.
Theorem 8.7. Let X be locally compact. Let Φ+ = Φ+(C+0 (X)). Consider the map Π :
DTM(X) −→ Φ+ where Π(µ) = Rµ and Rµ is the functional according to Definition 7.1.
Then the map Π has the following properties:
(I) Π is conic-linear, i.e. Π(cµ + dν) = cΠ(µ) + dΠ(ν), c, d ≥ 0.
(II) µ ≤ ν if and only if Π(µ) ≤ Π(ν) (i.e., Rµ(f) ≤ Rν(f) for all f ∈ C
+
0 (X)).
(III) µ ∈ TM(X) iff ρ is a quasi-linear functional on C0(X), and µ ∈M(X) iff ρ is a linear
functional on C0(X), where ρ(f) = Π(µ)(f
+)−Π(µ)(f−).
(IV) ‖ Rµ ‖= µ(X).
(V) The map Π : DTM(X) −→ Φ+ is a conic-linear order-preserving bijection such that
‖ Rµ ‖= µ(X).
Proof. (I) Let λ = cµ+dν, c, d ≥ 0. Take any f ∈ C+0 (X). For function R1,λ,f in Definition
6.1 we see that R1,λ,f = cR1,µ,f+dR1,ν,f . From formula (7.4)Rλ(f) = cRµ(f)+dRν(f),
and the statement follows.
(II) Let µ ≤ ν. Take any f ∈ C+0 (X). Using Definition 6.1 we see that R1,µ,f ≤ R1,ν,f .
Then by formula (7.4) we have Rµ(f) ≤ Rν(f). Thus, Rµ ≤ Rν .
Now assume that Rµ ≤ Rν . From part z5 of Lemma 7.12 we see that µ(K) ≤ ν(K) for
any compact K. By Remark 2.3 µ ≤ ν.
(III) Suppose ρ(f) = Rµ(f
+)−Rµ(f
−) is a quasi-linear functional on C0(X). By part (i) of
Corollary 8.5 and part (vi) of Theorem 5.4 µ is a finite topological measure.
Now suppose that µ is a finite topological measure. Let mf be the measure from
Theorem 6.10 for f , where f ∈ C0(X). Consider functional ρ(f) =
∫
R id dmf on
C0(X). For φ ∈ C(f(X)) and any open set W ⊆ R we have
mφ◦f (W ) = µ((φ ◦ f)
−1(W )) = µ(f−1(φ−1(W ))) = mf (φ
−1(W )) = (mf ◦ φ
−1)(W ),
thus, mφ◦f and mf ◦ φ
−1 are equal as measures on R, and for φ ◦ f ∈ A(f) we obtain
ρ(φ ◦ f) =
∫
R
id dmφ◦f =
∫
R
id d(mf ◦ φ
−1) =
∫
R
φdmf .
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For φ ◦ f, ψ ◦ f ∈ A(f) we have:
ρ(φ ◦ f + ψ ◦ f) =
∫
R
(φ+ ψ) dmf =
∫
R
φdmf +
∫
R
ψ dmf = ρ(φ ◦ f) + ρ(ψ ◦ f).
For any const c we see that ρ(cf) = ρ((c id) ◦ f) =
∫
R c id dmf = cρ(f). Thus, ρ is a
quasi-linear functional on C0(X). Since f
+ = (0 ∨ id) ◦ f ∈ A(f), and f− ∈ A(f), we
know that ρ(f) = ρ(f+) − ρ(f−). It is clear that ρ(g) = Rµ(g) for any g ∈ C
+
0 , so
ρ(f) = ρ(f+)− ρ(f−) = Rµ(f
+)−Rµ(f
−) = Π(µ)(f+)−Π(µ)(f−).
If µ ∈M(X) then ρ(f) =
∫
id dmf =
∫
f dµ is the usual integral, and the last assertion
is a well known fact.
(IV) This is part z7 of Lemma 7.12.
(V) Clear from part (i) of Corollary 8.5 and parts (I), (II), and (IV).
Theorem 8.8. Let X be compact.
(i) QI = Φs.
(ii) Φ+ = Φr and Φ− = Φl.
Here all functionals are on C(X).
Proof. (i) By Remark 4.12 we need to show that Φs ⊆ QI, so let ρ ∈ Φs. Then ρ ∈ Φr by
Remark 4.17. By Corollary 8.5 there is a unique deficient topological measure µ such
that ρ(f) = ρµ(f) for all f ∈ C(X). By part (v) of Theorem 5.4, µ is a topological
measure. Then ρ is a quasi-linear functional (see [1, Theorem 4.1] or [5, Theorem 42,
Sect. 4]).
(ii) If ρ is an r-functional, by Corollary 8.5 ρ = Rµ for a unique deficient topological measure
µ. By Theorem 7.10 Rµ is a p-conic quasi-linear functional. Thus, Φ
r ⊆ Φ+. The other
inclusion is given by Lemma 4.18. We can prove that Φ− = Φl in a similar way, using
Corollary 8.5 and Lemma 4.18.
Remark 8.9. From Theorem 8.1, part (iii) of Corollary 8.5, and Theorem 8.8, it follows that
when X is compact, in Theorem 8.7 we may take Φ+ to be Φ+(C(X) = Φr(C(X)).
Theorem 8.10. (I) Let X be locally compact. For functionals on C0(X) we have:
L ⊆ QI ⊆ Φ+ ∩ Φ− ⊆ Φr ∩Φl,
L ⊆ QI ⊆ Φ+ ∩Φ− ⊆ Φr ∩Φl = Φs.
In general,
L $ QI $ Φ+.
(II) Let X be compact. Then for functionals on C(X) we have:
L ⊆ QI = Φ+ ∩Φ− = Φr ∩Φl = Φs.
In general,
L $ QI.
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Proof. (I) The inclusion QI ⊆ Φ+ ∩Φ− is given by Remark 3.4. The inclusion Φ+ ∩Φ− ⊆
Φr ∩ Φl follows from Lemma 4.18. By Remark 4.17 Φr ⊆ Φc, so from Corollary 8.6 we
see that Φr ∩Φl ⊆ Φs. By part (ii) of Remark 4.17 we have: Φs ⊆ Φr ∩ Φl.
The proper inclusion L $ QI follows from the existence of quasi-linear functionals
that are not linear, or existence of topological measures that are not measures. The
proper inclusion QI $ Φ+ follows from part (III) of Theorem 8.7 and the existence of
deficient topological measures that are not topological measures. See Remark 2.5. For
an example of a quasi-linear but not linear functional on a locally compact space see [5,
Example 55, Sect. 5].
(II) Use the previous part and Theorem 8.8.
Remark 8.11. Let X be compact. From Corollary 8.5 and Theorem 8.8 we see that the
functionals corresponding to finite deficient topological measures can be described in four
ways: as p-conic quasi-linear functionals, as r-functionals, as n-conic quasi-linear functionals,
and as l-functionals.
From Theorem 8.10 we see that the functionals corresponding to finite topological mea-
sures can be described in four ways: as quasi-linear functionals; as s-functionals; as functionals
that are both p-conic quasi-linear and n-conic quasi-linear; and as functionals that are both
r- and l-functionals.
Remark 8.12. Theorem 8.10 answers positively the question posed in [15, Remark 7], of
whether for a compact space Φs = Φr ∩ Φl. Note that by part (I) of Lemma 4.19 our
definition of r- and l-functionals in the compact case coincide with those in [15, Definition 6].
By Definition 4.9 and Theorem 8.10 our definition of an s-functional coincides with the one
in [15, Definition 6], where it was first introduced.
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